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Abstract
Here we define the concept of Qregularity for coherent sheaves on quadrics. In this
setting we prove analogs of some classical properties. We compare the Qregularity of
coherent sheaves on Qn ⊂ P
n+1 with the Castelnuovo-Mumford regularity of their exten-
sion by zero in Pn+1. We also classify the coherent sheaves with Qregularity −∞. We use
our notion of Qregularity in order to prove an extension of Evans-Griffiths criterion to
vector bundles on Quadrics. In particular we get a new and simple proof of the Kno¨rrer’s
characterization of ACM bundles.
1 Introduction
In chapter 14 of [12] Mumford introduced the concept of regularity for a coherent sheaf on a
projective space Pn. Since then, Castelnuovo-Mumford regularity has become a fundamental
invariant and was investigate by several people. Chipalkatti in [2] has generalized this no-
tion on grassmannians and Hoffman and Wang in [8] on multiprojective spaces. Costa and
Miro´-Roig in [3] and [4] give a definition of regularity for coherent sheaves on n-dimensional
smooth projective varieties with an n-block collection.
The aim of this note is to introduce a very simple and natural concept of regularity (the
Qregularity) on a quadric hypersurface.
If we consider the following geometric collection on Pn:
(E0, . . . , En) = (OPn(−n),OPn(−n+ 1), . . . ,OPn),
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we have that a coherent sheaf F on Pn is said to be m-regular according to Castelnuovo-
Mumford if for any i = 1, . . . , n
H i(F (m) ⊗ En−i) = 0.
On Qn we consider the following n-block collection:
(G0, . . . ,Gn) = (G0,OQn(−n+ 1), . . . ,OQn),
where G0 = (Σ(−n)) if n is odd or where G0 = (Σ1(−n),Σ2(−n)) if n is even and Σ∗ are the
spinor bundles (for generalities about spinor bundles see [13]).
We say that a coherent sheaf F is m-Qregular if for any i = 1, . . . , n
H i(F (m)⊗ Gn−i) = 0.
The interesting fact is that on Q2 ∼= P
1 × P1 our definition of m-Qregularity coincides with
the definition of (m,m)-regularity on P1× P1 by Hoffman and Wang (see [8]). So we use the
results on P1×P1 as the starting step in order to prove on Qn, by induction on n, analogs of
the classical properties on Pn+1.
Next we give some equivalent condition of Qregularity. We compare the Qregularity of
coherent sheaves on Qn ⊂ P
n+1 with the Castelnuovo-Mumford regularity of their extension
by zero in Pn+1. We also classify the coherent sheaves with Qregularity −∞ as those with
finite support.
The second aim to this paper is to apply our notion of Qregularity in order to investigate
under what circumstances a vector bundle can be decomposed into a direct sum of line bun-
dles.
A well known result by Horrocks (see [9]) characterizes the vector bundles without interme-
diate cohomology on a projective space as direct sum of line bundles. This criterion fails
on more general varieties. In fact there exist non-split vector bundles without intermediate
cohomology. This bundles are called ACM bundles.
On Pn, Evans and Griffith (see [6]) have improved Horrocks’ criterion:
Theorem 1.1 (Evans-Griffith). Let E be a vector bundle of rank r on Pn, n ≥ 2, then E
splits if and only if ∀i = 1, ..., r − 1 ∀k ∈ Z,
hi(E(k)) = 0.
On a quadric hypersurface Qn there is a theorem by Kno¨rrer that classifies all the ACM
bundles (see [10]) as direct sums of line bundles and spinor bundles (up to a twist).
Ottaviani has generalized Horrocks criterion to quadrics and Grassmanniann giving cohomo-
logical splitting conditions for vector bundles (see [14]).
Our main result is to extend Evans-Griffiths criterion to vector bundles on quadrics. We
improve Kno¨rrer’s theorem in the following way:
Theorem 1.2. Let E be a rank r vector bundle on Qn. Then the following conditions are
equivalents:
1. H i∗(E) = 0 for any i = 1, . . . , r − 1 and H
n−1
∗ (E) = 0 ,
2. E is a direct sum of line bundles and spinor bundles with some twist.
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In particular we get a new and simple proof of the Kno¨rrer’s characterization of ACM
bundles.
The hypothesis Hn−1∗ (E) = 0 does not appear in the Evans-Griffiths criterion on P
n. On Qn
it is necessary.
In fact we can find many indecomposable bundles with H1∗ (E) = · · · = H
n−2
∗ (E) = 0 but
Hn−1∗ (E) 6= 0 (see [7] or [11]).
Then we specialize to the case: rank E = 2.
We prove that if a Qregular rank 2 bundle E has H1(E(−2)) = H1(E(c1)) = 0, then it is
a direct sum of line bundles and spinor bundles with some twist. In particular if n > 4,
E ∼= O ⊕O(c1).
We work over an algebraically closed field with characteristic zero. We only need the
characteristic zero assumption to prove Theorem 1.2 and Proposition 4.4 because in their
proofs we will use Le Potier vanishing theorem.
We thanks E. Arrondo. He showed us the connection between the Qregularity and the
splitting criteria for vector bundles.
2 m-Qregular coherent sheaves: definition and properties
Let us consider a smooth quadric hypersurface Qn in P
n+1.
We use the unified notation Σ∗ meaning that for even n both the spinor bundles Σ1 and Σ2
are considered, and for n odd, the spinor bundle Σ.
We follow the notation of [3] so the spinor bundles are twisted by 1 with respect to those of
[13] (Σ∗ = S∗(1))
Definition 2.1. A coherent sheaf F on Qn (n ≥ 2) is said m-Qregular if H
i(F (m− i)) = 0
for i = 1 . . . n− 1 and Hn(F (m) ⊗ Σ∗(−n)) = 0.
We will say Qregular in order to 0-Qregular.
Remark 2.2. A coherent sheaf F on Q2 ∼= P
1×P1 is m-Qregular if H1(F (m−1,m−1)) = 0
and H2(F (m,m)⊗ Σ∗(−2,−2)) = 0.
Since we have Σ1 ∼= O(1, 0) and Σ2 ∼= O(0, 1), our conditions become H
1(F (m−1,m−1)) = 0,
H2(F (m− 1,m− 2)) = 0 and H2(F (m− 2,m− 1)) = 0.
So the definition of m-Qregularity coincides with the definition of (m,m)-regularity on P1×P1
by Hoffman and Wang (see [8]).
Proposition 2.3. Let F be an m-Qregular coherent sheaf on Qn (n ≥ 2) then
1. F is k-Qregular for k ≥ m.
2. H0(F (k)) is spanned by H0(F (k − 1))⊗H0(O(1)) if k > m.
Proof. We use induction on n:
for n = 2, (1) comes from [8] Proposition 2.7. and (2) from [8] Proposition 2.8.
Let us study the case n = 3. Let F be an m-Qregular coherent sheaf on Q3. We have the
following exact sequence for any integer k:
0→ F (k − 1)→ F (k)→ F|Q2(k, k)→ 0.
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In particular we get
0 = H1(F (m− 1))→ H1(F|Q2(m− 1,m− 1))→ H
2(F (m− 2)) = 0.
This implies that H1(F|Q2(m− 1,m− 1)) = 0.
Let us consider now the exact sequence on Q3:
0→ F (m− 2)⊗ Σ(−1)→ F (m− 2)4 → F (m− 2)⊗ Σ→ 0.
Since H2(F (m− 2)) = 0 and H3(F (m)⊗Σ(−3)) = 0, we also have H2(F (m)⊗Σ(−2)) = 0.
If we tensorize by F (m) the exact sequence
0→ Σ(−3)→ Σ(−2)→ Σ|Q2(−2,−2)→ 0
we get
0→ F (m)⊗Σ(−3)→ F (m)⊗Σ(−2)→ (F|Q2(m)⊗Σ1(−2,−2))⊕(F|Q2(m)⊗Σ2(−2,−2))→ 0.
So we obtain
H2(F (m)⊗Σ(−2))→ H2(F (m)⊗Σ1(−2,−2))⊕H
2(F (m)⊗Σ2(−2,−2))→ H
3(F (m)⊗Σ(−3))
and hence H2(F|Q2(m)⊗Σ1(−2,−2)) = H
2(F|Q2(m)⊗ Σ2(−2,−2)) = 0.
We can conclude that if F is m-Qregular on Q3, then F|Q2 is an m-Qregular on Q2.
We have hence (1) and (2) for F|Q2 .
Moreover from the exact sequence on Q2:
0→ F|Q2(m−1,m−1)⊗Σ1(−1,−1)→ F|Q2(m−1,m−1)
2 → F|Q2(m−1,m−1)⊗Σ2 → 0,
we get
H2(F|Q2(m,m)⊗Σ1(−2,−2))→ H
2(F|Q2(m−1,m−1))
2 → H2(F|Q2(m+1,m+1)⊗Σ2(−2,−2)).
By (1) for F|Q2 , the last group is 0; by m-Qregularity the first group is 0. Therefore
H2(F|Q2(m− 1,m− 1)) = 0.
Let us consider now
H i(F (m− i))→ H i(F (m+ 1− i))→ H i(F|Q2(m+ 1− i,m+ 1− i)).
By (1) for F|Q2 if i = 1, or by the above argument if i = 2, the last group is 0; by m-
Qregularity , the first is 0 if i = 1, 2. Therefore H1(F (m+ 1− 1)) = H2(F (m+ 1− 2)) = 0.
Moreover from the sequence
H3(F (m)⊗ Σ(−3))→ H3(F (m+ 1)⊗Σ(−3))→ 0
we see that also H3(F (m+ 1)⊗ Σ(−3)) = 0.
We can conclude that F is (m+ 1)-Qregular. Continuing in this way we prove (1) for F .
To get (2) we consider the following diagramm:
H0(F (k − 1)) ⊗H0(OQ3(1))
σ
−→ H0(F|Q2(k − 1, k − 1)) ⊗H
0(OQ2(1, 1))
↓ µ ↓ τ
H0(F (k))
ν
−→ H0(F|Q2(k, k))
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Note that σ is surjective if k > m because H1(F (k − 2)) = 0.
Let us prove that if k > m then τ is surjective:
From [8] Proposition 2.8. we know that H0(F|Q2(k, k)) is spanned by
H0(F|Q2(k − 1, k)) ⊗H
0(O|Q2(1, 0))
and also by
H0(F|Q2(k, k − 1))⊗H
0(O|Q2(0, 1))
so the maps
H0(F|Q2(k−1, k−1))⊗H
0(O|Q2(1, 0))⊗H
0(O|Q2(0, 1)) → H
0(F|Q2(k−1, k))⊗H
0(O|Q2(1, 0))
and
H0(F|Q2(k − 1, k)) ⊗H
0(O|Q2(1, 0)) → H
0(F|Q2(k, k))
are both surjective. Hence their composition is surjective.
Now since we have the surjection
H0(O|Q2(1, 0)) ⊗H
0(O|Q2(0, 1)) → H
0(O|Q2(1, 1))
we have that also
H0(F|Q2(k − 1, k − 1)) ⊗H
0(O|Q2(1, 1))
τ
−→ H0(F|Q2(k, k)),
is a surjection.
Since both σ and τ are surjective, we can see as in [12] page 100 that µ is also surjective.
Let assume (1) and (2) on Q2n−1. We prove it on Q2n.
Let F be an m-Qregular coherent sheaf on Q2n. We have the following exact sequence for
any integer k:
0→ F (k − 1)→ F (k)→ F|Q2n−1(k)→ 0.
In particular we get
H i(F (m− i))→ H i(F|Q2n−1(m− i))→ H
i+1(F (m− i− 1)).
This implies that H i(F|Q2n−1(m− i)) = 0 for i = 1, . . . , 2n − 2.
Let us consider now the exact sequences on Q2n:
0→ F (m− 2n+ 1)⊗ Σ1(−1)→ F (m− 2n+ 1)
2n → F (m− 2n + 1)⊗ Σ2 → 0
and
0→ F (m− 2n+ 1)⊗ Σ2(−1)→ F (m− 2n+ 1)
2n → F (m− 2n+ 1)⊗ Σ1 → 0.
Since H2n−1(F (m− 2n+ 1)) = 0 and H2n(F (m) ⊗ Σ∗(−2n)) = 0, we also have
H2n−1(F (m)⊗ Σ∗(−2n + 1)) = 0.
If we tensorize by F (m) the exact sequence
0→ Σ1(−2n)→ Σ1(−2n+ 1)→ Σ1|Q2n−1(−2n+ 1)→ 0
we get
0→ F (m)⊗ Σ1(−2n)→ F (m)⊗ Σ1(−2n + 1)→ F|Q2n−1(m)⊗ Σ1(−2n+ 1)→ 0.
5
So we obtain
H2n−1(F (m)⊗Σ1(−2n+1))→ H
2n−1(F|Q2n−1(m)⊗Σ1(−2n+1))→ H
2n(F (m)⊗Σ1(−2n))
and hence H2n−1(F|Q2n−1(m)⊗Σ1(−2n+ 1)) = 0.
We can conclude that if F is an m-Qregular sheaf on Q2n, then F|Q2n−1 is an m-Qregular on
Q2n−1.
We have hence by the induction hypothesis (1) and (2) for F|Q2n−1 .
Moreover from the exact sequence on Q2n−1:
0→ F|Q2n−1(m)⊗Σ(−2n+1) → F|Q2n−1(m−2n+2)
2n → F|Q2n−1(m+1)⊗Σ(−2n+1) → 0,
we get
H2n−1(F|Q2n−1(m)⊗ Σ(−2n+ 1))→ H
2n−1(F|Q2n−1(m− 2n + 2))
2n →
→ H2n−1(F|Q2n−1(m+ 1)⊗ Σ(−2n+ 1)).
By (1) for F|Q2n−1 , the last group is 0; by m-Qregularity the first group is 0. Therefore
H2n−1(F|Q2n−1(m− 2n+ 2)) = 0.
Let us consider now the exact sequence
H i(F (m− i))→ H i(F (m+ 1− i))→ H i(F|Q2n−1(m+ 1− i)).
By (1) for F|Q2n−1 if i = 1, . . . 2n− 2, or by the above argument if i = 2n− 1, the last group
is 0; by m-Qregularity , the first is 0 if i = 1, . . . 2n− 1. Therefore H i(F (m+ 1− i)) = 0 for
i = 1, . . . 2n − 1.
Moreover from the exact sequence
H2n(F (m)⊗ Σ(−2n))→ H2n(F (m+ 1)⊗ Σ(−2n))→ 0
we also see that H2n(F (m+ 1)⊗ Σ(−2n)) = 0.
We can conclude that F is (m+ 1)-Qregular. Continuing in this way we prove (1) for F .
To get (2) we consider the following diagramm:
H0(F (k − 1))⊗H0(OQ2n(1))
σ
−→ H0(F|Q2n−1(k − 1))⊗H
0(OQ2n−1(1))
↓ µ ↓ τ
H0(F (k))
ν
−→ H0(F|Q2n−1(k))
Note that σ is surjective if k > m because H1(F (k − 2)) = 0.
Moreover if k > m also τ is surjective by (2) for F|Q2n−1 .
Since both σ and τ are surjective we can see as in [12] page 100 that µ is also surjective.
In a very similar way we can prove (1) and (2) from Q2n to Q2n+1.
We can give some equivalent definition of m-Qregular coherent sheaves:
Proposition 2.4. Let F be a coherent sheaf on Qn. The following conditions are equivalent:
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1. F is m-Qregular.
2. H i(F (m− i)) = 0 for i = 1, . . . , n− 1, Hn−1(F (m)⊗ Σ∗(−n+ 1)) = 0 and
Hn(F (m− n+ 1)) = 0.
Proof. We look at the exact sequences
0→ F (k)⊗ Σ∗(−1)→ F (k)
2([n/2]+1) → F (k)⊗ Σ∗ → 0.
(1)⇒ (2). Let F be m-Qregular then by (2.3) is also (m+ 1)-Qregular. We see that
Hn(F (m+ 1)⊗ Σ∗(−n− 1)) = H
n(F (m+ 1)⊗ Σ∗(−n)) = 0⇒ H
n(F (m+ 1− n)) = 0
and
Hn(F (m+ 1)⊗Σ∗(−n− 1)) = H
n−1(F (m+ 1− n)) = 0⇒ Hn−1(F (m+ 1)⊗Σ∗(−n)) = 0.
So we have (2).
(2)⇒ (1). Let F be a coherent sheaf which satisfies (2). From
Hn−1(F (m)⊗ Σ∗(−n+ 1)) = H
n(F (m− n+ 1)) = 0⇒ Hn(F (m)⊗ Σ∗(−n)) = 0,
we see that F is m-regular.
Now we show that the Qregular coherent sheaf are globally generated:
Proposition 2.5. Any Qregular coherent sheaf F on Qn is globally generated.
Proof. We need to prove that the evaluation map
ϕ : H0(F )⊗OQn → F
is surjective. This is equivalent to prove that its tensor product with idΣ is surjective, because
this would imply that
ϕ⊗ idΣ ⊗ idΣ∨ : H
0(F )⊗ Σ⊗ Σ∨ → F ⊗ Σ⊗ Σ∨
is surjective, and restricting to the component of endomorphims of Σ of trace zero we get
thatϕ is surjective. We thus observe that we have a commutative diagram
H0(F )⊗H0(Σ)⊗OQn
η
−→ H0(F ⊗ Σ)⊗OQn
↓ ↓ ψ
H0(F )⊗ Σ
ϕ⊗idΣ
−−−−→ F ⊗ Σ
so that it is enough to prove that η and ψ are surjective. This follows from Proposition 2.4
which implies that H1(F ⊗ Σ∗(−1) = 0 (hence η is surjective) and more generally F ⊗ Σ is
regular, (and hence it is globally generated and ψ is surjective).
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3 Qregularity on Qn
Definition 3.1. Let F be a coherent sheaf on Qn. We define the Qregularity of F , Qreg(F ),
as the least integer m such that F is m-Qregular. We set Qreg(F ) = −∞ if there is no such
integer.
Remark 3.2. On Qn, we show that Qreg(O) = Qreg(Σ∗) = 0.
O and Σ∗ are ACM bundles.
Hn(O ⊗ Σ∗(−n)) ∼= H
0(Σ∨) = H0(Σ(−1)) = 0 and
Hn(Σ∗ ⊗ Σ∗(−n)) ∼= H
0(Σ∗ ⊗ Σ∗(−2)) = 0.
So O and Σ∗ are 0-Qregular.
Hn(O(−1)⊗ Σ∗(−n)) ∼= H
0(Σ∨(1)) = H0(Σ) 6= 0 implies that O is not (−1)-Qregular.
Hn(Σ∗(−1)⊗ Σ∗(−n)) ∼= H
0(Σ∨∗ (1) ⊗ Σ∗(−1)).
Now from the exact sequence
0→ Σ∨∗ ⊗Σ∗(−1)→ Σ
∨
∗ ⊗O
2n → Σ∨∗ ⊗ Σ∗ → 0,
since H0(Σ∨∗ ) = H
1(Σ∨∗ ) we see that H
0(Σ∨∗ (1)⊗ Σ∗(−1))
∼= H1(Σ∗(−1)⊗ Σ
∨
∗ ).
But H1(Σ∗(−1)⊗ Σ
∨
∗ ) 6= 0 by [5] Lemma 4.1. This means that Σ∗ is not (−1)-Qregular.
Remark 3.3. Let
0→ F1 → F2 → F3 → 0
be an exact sequence of coherent sheaves.
Then Qreg(F2) ≤ max{Qreg(F1), Qreg(F3)}.
Let F and G be coherent sheaves.
Then Qreg(F ⊕G) = max{Qreg(F ), Qreg(G)}.
Let F be a coherent sheaf on Qn (n > 1) and let i∗F be its extension by zero in the
embedding Qn →֒ P
n+1. We can compare the Qregularity of F with the regularity in the
sense of Castelnuovo-Mumford of i∗F . We recall the definition:
Definition 3.4. A coherent sheaf F on Qn is said m-regular in the sense of Castelnuovo-
Mumford if H i(Pn+1, i∗F (m− i)) = 0 for i = 1 . . . n+ 1.
Reg(F ) is the least integer m such that F is m-regular. We set reg(F ) = −∞ if there is no
such integer.
Proposition 3.5. Let Qn →֒ P
n+1 be a quadric hypersurface (n > 1). For any coherent
sheaf F we have:
Qreg(F ) ≤ Reg(i∗F ) ≤ Qreg(F ) + 1.
Proof. We have to prove that:
F m-regular ⇒ F m-Qregular and
F (m− 1)-Qregular ⇒ F m-regular.
For any integer t and for any i > 0 we have:
H i(Pn+1, i∗F (t)) = H
i(Qn, F (t)),
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so F is m-regular if and only if H i(Qn, F (m− i)) = 0 for i = 1 . . . n.
Let F be m-regular we only need to prove that Hn(Qn, F (m)⊗ Σ∗(−n)) = 0.
From the exact sequence
0→ F (m)⊗ Σ∗(−n− 1)→ F (m− n)
2([n/2]+1) → F (m)⊗ Σ∗(−n)→ 0,
we see that Hn(Qn, F (m− n)) = 0⇒ H
n(F (m)⊗ Σ∗(−n)) = 0.
Let F be (m− 1)-Qregular, by (2.3) F is m-Qregular, so we only need to prove that
Hn(Qn, F (m− n)) = 0.
From the exact sequence
0→ F (m− 1)⊗ Σ∗(−n)→ F (m− n)
2([n/2]+1) → F (m)⊗ Σ∗(−n)→ 0,
we see that Hn(F (m− 1)⊗Σ∗(−n)) = H
n(F (m)⊗Σ∗(−n)) = 0⇒ H
n(Qn, F (m− n)) = 0.
Remark 3.6. The above Proposition is optimal because for instance Qreg(O) = Qreg(Σ∗) =
0 by Remark 3.2 but Reg(i∗O) = 1 and Reg(i∗Σ∗) = 0 on Qn (n > 2).
In fact
Hn(Pn+1, i∗O(t− n)) = H
n(Qn,O(t− n)) = 0
if and only if t ≥ 1 and
Hn(Pn+1, i∗Σ∗(t− n)) = H
n(Qn,Σ∗(t− n)) = 0
if and only if t ≥ 0.
We are ready to classify the coherent sheaves with Qregularity −∞:
Theorem 3.7. Let F be a coherent sheaf on Qn (n even).
The following condition are equivalent:
1. Qreg(F ) = −∞.
2. Reg(F ) = −∞.
3. Supp(F ) is finite.
Let F be a coherent sheaf on Qn (n odd). Let us consider the geometric collection on Qn:
σ = (O, . . . ,O(n − 1),Σ(−n− 1)).
The following condition are equivalent:
1. Qreg(F ) = −∞.
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2. Reg(F ) = −∞.
3. Regσ(F ) = −∞.
4. Supp(F ) is finite.
Proof. Let n be an even integer and let F be a coherent sheaf on Qn.
By (3.5) Qreg(F ) = −∞ if and only if Reg(F ) = −∞.
By [1] Theorem 1. Reg(F ) = −∞ if and only if Supp(F ) is finite.
Let n be an odd integer and let F be a coherent sheaf on Qn.
By (3.5) Qreg(F ) = −∞ if and only if Reg(F ) = −∞.
By [3] Theorem 4.3. Reg(F ) = −∞ if and only if Regσ(F ) = −∞.
By [1] Theorem 1. Regσ(F ) = −∞ if and only if Supp(F ) is finite.
4 Evans-Griffiths criterion on quadrics
We use our notion of regularity in order to proving our main result:
Proof of Theorem 1.2. Let assume that E is Qregular but E(−1) not.
Here we use the definition of Qregularity as in Remark 2.4.
Since E is Qregular, it is globally generated and E(1) is ample. So, by Le Potier vanishing
theorem, we have that H i(E∨(−l)) = 0 for every l > 0 and i = 1, . . . , n − r.
So by Serre duality H i(E(−n + l)) = 0 for every l > 0 and i = r, . . . , n− 1.
In particular H i(E(−1 − i)) = 0 for i = r, . . . , n − 2 and by hypothesis H i(E(−1 − i)) = 0
for i = 1, . . . , n − r and Hn−1(E(−1 − n+ 1) = 0.
We can conclude that E(−1) is not Qregular if and only if Hn−1(E(−1) ⊗ Σ∗(−n + 1)) 6= 0
or Hn(E(−1− n+ 1)) 6= 0.
Let assume first that Hn(E(−1− n+1)) 6= 0, this means by Serre duality that H0(E∨) 6= 0.
We have a non zero map
f : E → O
Now, since E is globally generated, we have the exact sequence
O → O ⊗H0(E)→ E → O.
The composition of the maps is not zero so must be the identity and we can conclude that
O is a direct summand of E.
Let assume now that Hn−1(E(−1) ⊗ Σ∗(−n+ 1)) 6= 0 and H
n(E(−1− n+ 1)) = 0.
Let see first the even case: let n = 2m and Hn−1(E(−1) ⊗ Σ1(−n+ 1)) 6= 0.
We consider the following exact sequences:
0→ E(k)⊗ Σ2(−1)→ E(k)
2([n/2]+1) → E(k) ⊗ Σ1 → 0.
Since Hn(E(−1− n+ 1)) = Hn−1(E(−1− n+ 1)) = 0, we see that
Hn−1(E(−1)⊗ Σ1(−n+ 1)) ∼= H
n(E(−1) ⊗ Σ2(−n))
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so, by Serre duality H0(E∨(1)⊗ Σ∨2 ) 6= 0 and there exists a non zero map
f : E(−1)→ Σ∨2 .
On the other hand, since for any j = 1, . . . , n − 1 Hj(E(−1− j)) = 0, the following maps
H0(E⊗Σ2(−1))→ H
1(E⊗Σ1(−2))→ · · · → H
n−2(E⊗Σ2(−n+1))→ H
n−1(E⊗Σ1(−n))
are all surjective.
In particular we have that H0(E(−1) ⊗ Σ2) 6= 0 and there exists a non zero map
g : Σ∨2 → E(−1).
Let us consider the following commutative diagram:
Hn−1(E(−1) ⊗ Σ1(−n+ 1))⊗H
1(E∨(1) ⊗ Σ∨1 (−1))
σ
−→ Hn(Σ∨1 (−1)⊗ Σ1(−n+ 1))
∼= C
↓ ↓
H0(E(−1) ⊗Σ2)⊗H
1(E∨(1) ⊗ Σ∨1 (−1))
µ
−→ H1(Σ∨1 (−1)⊗ Σ2)
∼= C
↓ ↓
H0(E(−1) ⊗ Σ2)⊗H
0(E∨(1)⊗ Σ∨2 )
τ
−→ H0(Σ∨2 ⊗ Σ2)
∼= C
↑ ∼= ↑ ∼=
Hom(Σ∨2 , E(−1)) ⊗Hom(E(−1),Σ
∨
2 )
γ
−→ Hom(Σ∨2 ,Σ
∨
2 )
The map σ comes from Serre duality and it is not zero, the right vertical map are isomorphisms
and the left vertical map are surjective so also the map τ is not zero.
This means that the composition of the maps f and g is not zero so must be the identity and
we can conclude that Σ∨2 is a direct summand of E(−1).
By [13] Theorem 2.8. we have
Σ∨2
∼=
{
Σ2(1) if m ≡ 0 (mod 4)
Σ1(1) if m ≡ 2 (mod 4)
In the same way we can prove that, ifHn−1(E(−1)⊗Σ2(−n+1)) 6= 0, Σ
∨
1 is a direct summand
of E(−1); or in the odd case that Σ∨ is a direct summand of E(−1).
By iterating these arguments we have that E is a direct sum of line bundles and spinor
bundles with some twist. As a Corollary we get the following splitting criterion:
Corollary 4.1. Let E be a rank r vector bundle on Qn such that H
i
∗(E) = 0 for any i =
1, . . . , r − 1, Hn−1∗ (E) = 0 and H
n−1
∗ (E ⊗ Σ∗) = 0, then E is a direct sum of line bundles.
Let E be a rank r vector bundle on Qn. Then the following conditions are equivalents:
1. H i∗(E) = 0 for any i = 1, . . . , r − 1, H
n−1
∗ (E) = 0 and H
n−1
∗ (E ⊗ Σ∗) = 0,
2. E is a direct sum of line bundles with some twist.
Corollary 4.2 (Kno¨rrer). Let E be a rank r vector bundle on Qn such that H
i
∗(E) = 0 for
any i = 1, . . . , n − 1, then E is a direct sum of line bundles and spinor bundles with some
twist.
Remark 4.3. The hypothesis Hn−1∗ (E) = 0 does not appear in the Evans-Griffiths criterion
on Pn. On Qn it is necessary.
In fact we can find many indecomposable bundles with H1∗ (E) = · · · = H
n−2
∗ (E) = 0 but
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Hn−1∗ (E) 6= 0.
For instance on Q4 there is the rank 3 bundle P4 arising from the following exact sequence
(see [7] or [11]):
0→ O → Σ1 ⊕ Σ2 → P4 → 0.
On Q5 there is the rank 3 bundle P5 arising from the following exact sequence (see [11]):
0→ O → Σ→ P5 → 0.
For rank 2 bundles, since E∨ ∼= E(c1), the hypothesis H
n−1
∗ (E) = 0 is not necessary. We
can also prove the following result:
Proposition 4.4. Let E be a rank 2 bundle on Qn with Qreg(E) = 0 and H
1(E(−2)) =
H1(E(c1)) = 0.
Then E is a direct sum of line bundles and spinor bundles with some twist.
If n > 4, E ∼= O ⊕O(c1).
Proof. Since E is Qregular, it is globally generated and E(1) is ample. So, by Le Potier
vanishing theorem, we have that H i(E∨(−l)) = 0 for every l > 0 and i = 1, . . . , n − 2.
So by Serre duality H i(E(−n + l)) = 0 for every l > 0 and i = 2, . . . , n− 1.
In particular H i(E(−1 − i)) = 0 for i = r, . . . , n − 2 and by hypothesis H i(E(−1 − i)) = 0
for i = 1, . . . , n − r and Hn−1(E(−1 − n+ 1)) ∼= H1(E(c1)) = 0.
We can conclude that E(−1) is not Qregular if and only if Hn−1(E(−1) ⊗ Σ∗(−n + 1)) 6= 0
or Hn(E(−1− n+ 1)) 6= 0.
Now arguing as in the above theorem we can conclude that E contains O as a direct summand
if n > 4.
If n < 5 E, since the rank of the spinor bundles is smaller than 3, can also contains Σ∗ as a
direct summand.
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